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ABSTRACT
Laser Guide Stars (LGS) have greatly increased the sky-coverage of Adaptive Optics
(AO) systems. Due to the up-link turbulence experienced by LGSs, a Natural Guide
Star (NGS) is still required, preventing full sky-coverage. We present a method of ob-
taining partial tip-tilt information from LGSs alone in multi-LGS tomographic LGS
AO systems. The method of LGS up-link tip-tilt determination is derived using a geo-
metric approach, then an alteration to the Learn and Apply algorithm for tomographic
AO is made to accommodate up-link tip-tilt. Simulation results are presented, verify-
ing that the technique shows good performance in correcting high altitude tip-tilt, but
not that from low altitudes. We suggest that the method is combined with multiple far
off-axis tip-tilt NGSs to provide gains in performance and sky-coverage over current
tomographic AO systems.
Key words: adaptive optics – atmospheric effects
1 INTRODUCTION
The use of Laser Guide Stars (LGSs) in Adaptive Optics
(AO) has greatly increased the area of the sky available for
correction, from ≈ 10% up to ≈ 85% (?). In turn this has
led to a vast increase in the number of astronomical sci-
ence targets which can be observed using AO. The laser
experiences turbulence whilst traveling upwards to form an
artificial guide star, so its position will move in the sky. It
is thought that this effect renders all ‘tip-tilt’ information
gained from LGS Wave-Front Sensors (WFS) useless, as it
is a function of LGS ‘up-link’ movement and the desired
‘down-link’ tip-tilt, which have previously been considered
to be entangled irretrievably. It has even been suggested that
the tip-tilt the laser acquires on the up-link is the recipro-
cal of the global tip-tilt on the down-link path, hence little
tip-tilt will be observed on the WFS at all (?). To correctly
obtain the science path tip-tilt, a Natural Guide Star (NGS)
must still be used (?). As a tip-tilt WFS requires relatively
few photons and the anisoplanatic patch size is large for
tip-tilt modes, the requirements on a NGS are much less-
ened (?). Nonetheless, requiring a tip-tilt NGS still limits
the sky-coverage of an LGS AO system.
Tomographic LGS configurations, such as Laser Tomo-
graphic AO (LTAO)(?), Multi-Object AO (MOAO) (??)
and Multi-Conjugate AO (MCAO) (??), are coming online.
? E-mail: a.p.reeves@durham.ac.uk (APR);
These AO configurations use information from a number of
LGSs, off-axis from the science target, to estimate the sci-
ence path turbulence. Such systems overcome the so called
cone-effect where the LGS samples a cone of turbulence in
the science path rather than the full cylinder of turbulence
seen by light from the science target (?). They can also
achieve a large corrected field of view in the case of MCAO,
or a large ‘field of regard’ in the case of MOAO. Tomographic
LGS systems still require a NGS to estimate tip-tilt modes,
limiting their potential sky coverage. Suitable NGS are no-
toriously absent from much of the sky around the galactic
poles, where many scientifically interesting targets exist (?).
Methods to obtain all correction information from LGSs
alone have been proposed. Some have not yet been imple-
mented due to the requirement of complex laser schemes
and/or auxiliary beam viewing telescopes (??????). ? dis-
cusses the use of the temporal delay between the launch time
of a laser pulse and the time it is received by the telescope
to estimate up-link tip-tilt. This technique requires the use
of the full telescope aperture for laser launch, which implies
some problems with scattered light and fluorescence. More
recently, ? has proposed an LGS assisted lucky imaging sys-
tem, which could provide full sky AO coverage but entails
discarding some science flux and would not be suitable for
spectroscopy. ? explored the potential usage of LGS AO with
no tip-tilt signal, allowing 100% sky-coverage. It was found
that for some applications, a dedicated NGS tip-tilt star was
c© 2015 The Authors
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not required and a telescopes fast guiding system was ade-
quate.
In this paper we propose a method to retrieve partial
tip-tilt information from a number of LGSs in existing or
currently proposed tomographic AO systems from only the
systems wavefront sensor measurements. This is similar to
that proposed by ?, though we do not required the knowl-
edge of the exact sky position of one of the LGS. We aim
to improve AO performance across the whole sky over AO
performed with no tip-tilt NGS, potentially relaxing the re-
quirement for, or for some applications eliminating the need
for, a NGS.
If the tip-tilt modes measured across the full-aperture
are the same as that across the beam launch aperture, it
is clear that the tip-tilt signal would indeed be irretrievable
from LGS WFSs, as they would be reciprocal and little at-
mospheric tip-tilt would be observed from a LGS WFS at
all. In § 2, we show that the tip-tilt modes across the beam
launch telescope are uncorrelated with those over the whole
aperture, opening the possibility of LGS up-link tip-tilt de-
termination. The algorithm for up-link tip-tilt determination
is derived in § 3 and an adaptation to the LA algorithm pro-
posed by ? for MOAO is suggested as a practical method for
its use. Results from simulation verifying the technique are
presented in § 5. Finally, in § 6 we discuss the practical uses
of an LGS up-link retrieving AO system, and how it may
provide increases in LTAO sky-coverage and performance
by combination with ground layer tip-tilt correction.
2 CORRELATION OF TIP-TILT BETWEEN
TELESCOPE AND BEAM-LAUNCH
APERTURES
If the global tip-tilt across the telescope aperture is identical
to that over the beam launch telescope, any tip-tilt encoun-
tered by the LGS up-link path will have an equal but oppo-
site effect on the return path (though with a slight change
due to temporal delay (?)). Consequently little tip-tilt will
be observed on the LGS WFS and the tip-tilt component
of the science path can not be determined by that WFS.
This is referred to as tip-tilt ‘reciprocity’ and is the case
if the laser is launched from the full aperture of the tele-
scope. All current facility LGS AO systems use a separate
Laser beam Launch Telescope (LLT). On these telescopes
and those planned for the future, DLLT << D , where DLLT
denotes the diameter of the LLT and D is the size of the
telescope aperture.
Determination of LGS up-link tip-tilt can only be possi-
ble if the up-link and down-link tip-tilt components are un-
correlated or it will not be fully observed by the WFS. The
covariance between two concentric Zernike modes of differ-
ent radii in Kolmogorov turbulence is shown in equation (1)
(?),
C = 0.0145786e
1
2
ipi(n−p)√(n + 1 )(p + 1 )(R
r0
)5/3
×
∫ ∞
0
dk
Jn+1(2pik)Jp+1(2piγk)
γk14/3
, (1)
where γ represents the fractional size relationship between
the two apertures, n and p are the radial orders of the two
0.0 0.2 0.4 0.6 0.8 1.0
DLLT/D
0.0
0.2
0.4
0.6
0.8
1.0
C
or
re
la
tio
n
Theoretical
Simulated
Figure 1. Theoretical and simulated correlation of phase per-
turbations in Kolmogorov turbulence between concentric tip-tilt
modes as a function LLT diameter, DLLT , as a fraction of the
telescope diameter, D.
Zernike polynomials, R is the radius of the telescope, Jn+1
and Jp+1 are Bessel functions of the first kind, k is the wave
number of the light and r0 is the atmospheric Fried param-
eter (?).
The covariance between concentric tip-tilt modes of dif-
ferent radii are plotted in Figure 1 (where n, p = 1). A plot
of the correlation of tip-tilt modes in ten thousand simu-
lated random Kolmogorov phase screens is also plotted. It is
evident that the correlation of tip-tilt modes between small
and large apertures in the regime where DLLT/D < 0.1 is
less than 0.1. This is true for both the theoretical expression
and the simulated phase screens, which match closely in such
a regime. This result means that tip-tilt modes will not be
reciprocal and will be visible on an LGS WFS. Observed
tip-tilt will be some function of the turbulence encountered
by the laser as it propagates up to form an artificial guide
star and the global tip-tilt across the telescope aperture as
it propagates back. It should be noted that the tip-tilt ob-
served by the laser will be larger than that seen by the full
aperture due to greater spatial averaging on larger scales.
Despite being uncorrelated, it is possible that by chance
there is a similar component of tip-tilt across both the launch
and telescope apertures, in which case it will not be observed
on a LGS WFS. If multiple LGSs are used, then the chance
of the same component of tip-tilt being present across all
launch paths is significantly reduced.
3 TOMOGRAPHIC LGS TIP-TILT
DETERMINATION
3.1 Retrieving down-link turbulence induced
slopes
As demonstrated in the previous section, the measurement
from a LGS WFS is a function of the atmospheric turbu-
lence the laser propagates through on the way up to form
a guide star and the turbulence the return light propagates
MNRAS 000, 1–9 (2015)
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through as it travels back down to the telescope. For AO
correction of an astronomical science target the two compo-
nents must be separated and only the latter is required. If
using a Shack-Hartmann or Pyramid WFS, WFS measure-
ments will be in the form of slopes representing the gradients
of the measured phase within any given sub-aperture. The
use of such a gradient measuring WFS is assumed in the fol-
lowing derivations. We can express slopes measured by an
LGS WFS as the sum of the laser up-link induced slopes
and the down-link turbulence induced slopes,
s˜ = s˜l + s˜t, (2)
where s˜ is a vector representing the slopes measured
on a WFS, s˜l is a vector representing the slopes caused by
LGS up-link turbulence and s˜t is a vector representing the
slopes caused by down-link turbulence. For AO correction
of a natural astronomical science target we must obtain s˜t.
Note that LGS up-link turbulence results exclusively in tip-
tilt modes being observed on the WFS and no higher order
modes, so s˜l will be homogeneous in the x and y directions.
For an AO system with a single LGS and no external refer-
ence, determining s˜t is not possible as there is not enough
information to determine s˜l. In a tomographic system, there
is more information about the turbulence sampled by the
LGSs on the up-link, and s˜t can be computed.
For the remainder of this section we consider a trivial
2-dimensional, tomographic, two LGS AO geometry, where
both LGSs are centre-launched. The following approach can
be scaled to many centre launched LGSs, though the math-
ematics quickly becomes cumbersome with more than three.
The LGSs are labeled LGS α and LGS β and the observing
WFSs as WFS α and WFS β. Slopes measured on WFSs
are denoted as s˜α and s˜β respectively. This geometry is il-
lustrated in Figure 2.
WFS β observes the area of turbulence which causes
the up-link tilt on WFS α, hence we postulate that there
is a transform Tˆαβ which relates the down-link turbulence
induced slopes, s˜βt, to up-link induced tip-tilt measured on
WFS α, s˜αl,
s˜αl = Tˆαβ s˜βt. (3)
We initially consider the simple situation illustrated in
Figure 2, where a single turbulent layer at a height h, which
features only a tilt in the section where LGS α overlaps with
the field of view (FOV) of sub-aperture n on the WFS ob-
serving LGS α. In this case it is clear that such a transform,
Tˆαβ , exists and can be trivially computed as WFS β is unaf-
fected by up-link turbulence so s˜βl = 0, hence s˜αl = Tˆαβ s˜β .
In general however s˜βt will not be known, as LGS β will also
experience up-link tip-tilt. For this general case,
Tˆαβ s˜β = Tˆαβ (˜sβt + s˜βl)
Tˆαβ s˜β = s˜αl + Tˆαβ s˜βl (4)
and
Tˆβαs˜α = s˜βl + Tˆβαs˜αl. (5)
We now have 2 equations in (4) and (5), to solve for 2
unknowns, s˜αl and s˜βl. Re-arranging equation (5),
s˜αl = Tˆ
−1
βα (Tˆβαs˜α − s˜βl) (6)
α β
h
H
Sub-aperture: 1 … n
Expected 
position of 
LGS α
Actual position 
of LGS α due to 
uplink 
turbulence
Turbulence 
layer at 
height, h
Figure 2. The geometry of the LGS system under consideration.
One turbulent layer is shown, which features only a tilt at the
point that LGS α overlaps with the field of view of sub-aperture
n on WFS β.
and substituting into equation (4),
Tˆαβ s˜β = Tˆ
−1
βα (Tˆβαs˜α − s˜βl) + Tˆαβ s˜βl
= s˜α + (Tˆαβ − Tˆ−1βα)s˜βl. (7)
Finally, re-arranging for s˜βl,
s˜βl = (Tˆαβ − Tˆ−1βα)−1(Tˆαβ s˜β − s˜α) (8)
and similarly for s˜αl
s˜αl = (Tˆβα − Tˆ−1αβ)−1(Tˆβαs˜α − s˜β). (9)
s˜α and s˜β are the WFS measurements and the Tˆ trans-
forms can be obtained by considering the geometry of the
system i.e., where sub-apertures from a WFS observe the
up-link path of the other laser(s). It is now possible to cal-
culate the turbulence induced slopes, as s˜t = s˜ − s˜l. These
are the slopes which would have been measured from a guide
star with no up-link tip-tilt effects, and can be used to per-
form the AO reconstruction without the requirement of an
NGS for tip-tilt measurement. The above analysis can be
performed for more complex LGS AO systems with many
LGSs in other geometries.
In general there will be more than one discrete turbu-
lent layer in the atmosphere, hence the measurement of a
MNRAS 000, 1–9 (2015)
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particular element in s˜βt which overlaps with LGS α will
not just represent the turbulence at height h, but will be
the sum of measurements from all turbulent layers. This
represents some noise in the measurement of s˜αl. The noise
is mitigated by increasing the number of LGSs, such that
other layers from non-overlapping heights average to zero,
leaving only the common measurement of the slope at the
point LGS α overlaps with the layer at altitude h.
For the centre launched case, the slopes due to down-
link turbulence, st, cannot be determined for a turbulent
layer at the ground. For a layer at this height, s˜αt = s˜βt,
s˜αl = s˜βl, s˜α = s˜β , and there is no-longer more than one
independent equation from which to determine s˜αl and s˜βl.
Further to this issue, if the lasers are centre launched, then
the beam paths are likely to be obscured by the “shadow”
of the secondary obscuration, the turbulence that the laser
passes near the ground layer is not measured.
An AO system that launches LGSs from different points
within the telescope aperture could potentially overcome
these limitations. In this case s˜αl 6= s˜βl at the ground layer,
so both can be determined. Depending on the laser launch
scheme, it is also possible that the low layer turbulence in the
beam path could be observed. Such as scheme does however
entail other difficulties, such as scattering from launching
the laser directly off the primary mirror.
A system with LGSs launched from outside the tele-
scope aperture (side launched) is unlikely to be suitable for
this method of LGS up-link tip-tilt correction as a LGS’s
launch path is not observed by other LGS WFSs. It is possi-
ble that outer WFS sub-apertures could be used as they may
correlate strongly with the launch path turbulence, though
this is outside the scope of this work.
3.2 Obtaining LGS up-link transforms
The LGS up-link matrices describing the response of LGS
motion to WFS measurements are defined in equation (3),
they relate down-link turbulence measurements of a WFS
to the predicted up-link path of another LGS. They can be
calculated by considering the geometry illustrated in Figure
2 and the effect of a layer at a height h with a small region of
turbulence where the FOV of sub-aperture n overlaps with
LGS beam α, at height H.
For a given sub-aperture, sαl is the slope measured due
to up-link tip-tilt on WFS α. It is related to the slope mea-
sured on a corresponding sub-aperture on WFS β which
views LGS α at height h, sβt. It is shown in Appendix A
that
sαl =
λ
2pi
H − h
H
sβt. (10)
The system has only a finite vertical resolution (defined
by the number of sub-apertures and LGS asterism separa-
tion) to correct for turbulent layers. Sub-aperture n will ob-
serve the integrated turbulence between where the LGS en-
ters its FOV and where is exits its FOV. Different groups of
sub-apertures on a WFS will correspond to different turbu-
lent layer heights for which they can predict up-link tip-tilt
on other LGS WFSs. Recalling that sαl is homogeneous in
each direction, Tˆαβ is
Tˆαβ =
λ
2pi

H−h1
H
H−h2
H
· · · H−hN
H
H−h1
H
H−h2
H
· · · H−hN
H
...
...
. . .
...
H−h1
H
H−h2
H
· · · H−hN
H
 , (11)
where hn denotes the centre of the vertical height ‘bin’ re-
solvable by the sub-aperture n. By considering the system
geometry, including the launch angle of LGS α and β, θα
and θβ respectively, we show in Appendix B that hn can be
expressed as
hn =
H(D
2
− (n+ 0.5)d)
D
2
− (n+ 0.5)d+H(θα + θβ)
. (12)
Again, this relationship can be extended for any number of
LGS WFSs, where WFS β observes the path of LGS α.
The final step in creating an LGS up-link transform
is to tailor the matrix to the required atmospheric turbu-
lence vertical profile. Each column in the matrix shown in
equation (11) represents a vertical height bin resolvable by
the tomographic LGS AO system. If a turbulence profile is
known, then columns that represent heights where there is
negligible turbulence can be set to zero. This step will reduce
the noise contributed by ‘false layers’ which could otherwise
be detected, where random perturbations from real turbu-
lent layers or noise could seem like turbulence at a height
where no turbulence is present. Such a profile can be ob-
tained from either the tomographic AO system itself or an
external profiling instrument.
4 A LEARN AND APPLY APPROACH
The geometric approach described in the previous sections
to estimate and recover LGS tip-tilt modes is clearly highly
idealised. It requires knowledge of the turbulence C2n verti-
cal profile and that the calibration of the LGS WFSs and
pointing of the LGSs is perfect. It would also not take into
account our understanding of atmospheric turbulence statis-
tics to improve correction. As correlation between adjacent
sub-apertures can be significant (?), information from sub-
apertures around those which view the up-link path of an-
other LGS can be used to improve estimation of its up-link
tip-tilt. This also allows an estimate to be made of ground
layer tip-tilt, even for centre launched LGS AO systems,
from sub-apertures surrounding the central obscuration.
Learn and Apply (LA) is a method used in tomographic
AO systems, such as MOAO and LTAO, for open-loop to-
mographic reconstruction which accounts for atmospheric
turbulence statistics and the calibration of an AO system
(?). Instead of using a purely geometrical approach for LGS
up-link tip-tilt determination, LA can be modified to im-
plicitly account for up-link tip-tilt. LA is briefly described
below.
If there is a linear relationship between off-axis WFS
measurements, s˜off , and WFS measurements on-axis to the
direction of a science target, s˜on, one can write
s˜on = Wˆ.˜soff (13)
where Wˆ is the tomographic reconstructor. If Wˆ can be
MNRAS 000, 1–9 (2015)
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obtained, it can be used to calculate pseudo WFS measure-
ments in the direction of a potential science target, which
can then be used to calculate DM commands to provide
correction in that direction. To estimate it, a large number
of uncorrected WFS measurements of both on and off-axis
slopes may be taken. In this case, the set of on-axis mea-
surements are denoted as Mˆon and the set of off-axis mea-
surements as Mˆoff . Vidal et al. show that a tomographic
reconstructor for these specific measurements, Wˆ′, can be
expressed as
Wˆ′ = (MˆonMˆ
t
off )(MˆoffMˆ
t
off )
−1. (14)
If the number of measurements taken to form Mˆon and
Mˆoff approaches infinity, the tomographic reconstructor Wˆ′
approaches Wˆ, a general reconstructor which can recon-
struct any set of slopes for the given guide star geometry and
atmospheric turbulence profile. In this limit, the expressions
MˆonMˆ
t
off and MˆoffMˆ
t
off approach CˆOnOff and CˆOffOff , the
covariance matrices between on-axis and off-axis slopes, and
off-axis and off-axis slopes respectively. The generalised to-
mographic reconstructor may now be expressed as
Wˆ = CˆOnOff × Cˆ−1OffOff . (15)
If the profile of the atmosphere and system calibration
is well known, both covariance matrices can be calculated
purely analytically from statistical descriptions of turbu-
lence. As this situation is not often the case, an alternative is
to record some data from the system in open loop to create a
‘raw’ covariance matrix which contains information regard-
ing the atmospheric profile and AO system calibration. The
‘raw’ covariance matrix cannot be used alone to create the
tomographic reconstructor as it is not generalised and would
also contain errors due to noise. It can though be used to
act as a reference to fit an analytically generated covariance
matrix which is generalised and not prone to noise effects. In
this way LA creates a generalised tomographic reconstructor
which accounts for AO system calibration and our statisti-
cal description of atmospheric turbulence. This process is
termed the ‘learn’ stage of the reconstructor.
Once both covariance matrices have been computed, the
reconstructor, Wˆ, can be formed and ‘applied’ to off-axis
slopes to give an estimation of on-axis slopes. The LA al-
gorithm has been tested successfully both in the laboratory
and on-sky by the CANARY MOAO demonstrator (?).
We propose that the LA algorithm is also applicable
for LGS tip-tilt determination, as it was demonstrated in
§ 3 that the required science direction slopes are a linear
function of the off-axis LGS measurements. The advantages
of using LA are many fold. LGS tip-tilt determination can
account for system alignment and LGS pointing. The math-
ematics shown in § 3 does not have to be repeated for higher
numbers of LGS, which quickly becomes cumbersome. The
turbulence profile does not have to be externally measured to
a very high vertical resolution. Finally and perhaps most im-
portantly, the use of covariance matrices implicitly includes
information about LGS up-link from sub-apertures near to
those identified as geometrically observing a LGS beam.
To use LA, it must be altered to account for the fact that
the tip-tilt signal from LGS WFSs is no longer removed. The
analytical form of slope covariance matrices in this case must
be derived. We consider the covariance between two WFS
separated slope measurements with the definition given in
equation (2),
〈sαsβ〉 = 〈(sαt + sαl)(sβt + sβl)〉
= 〈sαtsβt〉+ 〈sαtsβl〉+ 〈sαlsβt〉+ 〈sαlsβl〉. (16)
Of these terms, the first is only a result of down-link turbu-
lence and is the same as the covariance matrix which would
be required in conventional Learn and Apply. This term can
be calculated in a form similar to that which ? use to obtain
the covariance matrices between separated NGS WFS mea-
surements with some modification to account for the cone
effect associated with LGSs.
The second and third terms describe the relationship
between the observed down-link turbulence and the tip and
tilt observed by another WFSs due to the patch of turbu-
lence that the lasers pass through on their up-link paths.
They can be calculated again by considering the separation
of each sub-aperture on the down-link with the launch path
for each laser. As they are formed by a large tip or tilt from
one WFS correlating with measurements from a single, or
small number of, sub-aperture(s) from another WFS, it is
expected that they will appear as a matrix of vertical and
horizontal stripes.
The final term is the covariance between the up-link
induced tip-tilt measurements. This value is dependent upon
the separation between the two laser paths at an altitude
layer and as it is a result of only tip and tilt, it is constant
for each pair of WFSs. Assuming a centre launched case, this
term will be large for low altitude layers, where the up-link
laser paths overlap and small at high layers where the laser
paths are separated. As it is constant, this value reduces the
contrast of the the covariance matrices and so effectively
make them less useful. Hence, it is again expected that this
approach will work well at higher layers where this term is
small, but less well for low layers where it will dominate.
The simulations performed in § 5 use a LA approach to
predict LGS up-link tip-tilt. We do not yet attempt to derive
the analytical form of the required covariance matrices. We
instead rely on the fact that we can simulate a very large
number of uncorrelated phase screens to create a large set
of ‘learn’ slopes to compute covariance matrices between off-
axis and on-axis slopes. Deriving the analytical covariance
matrices could improve on the performance we show and
would be essential for use on-sky.
5 SIMULATION RESULTS
5.1 Simulation set-up
In the following simulations we use the modified, tip-tilt re-
trieval LA based algorithm to perform LGS AO correction
with no NGS tip-tilt WFS and compare these results to the
currently used LTAO configuration, where tip-tilt informa-
tion is removed from LGS slopes, and a low-order NGS used
to get tip-tilt information. We show a“best-case”scenario for
LTAO, where the tip-tilt NGS is on-axis. To show that the
tip-tilt determination is working correctly, we also simulate
an LGS tomographic system where LGS tip-tilt information
is removed but no NGS is used for tip-tilt correction. In all
simulated AO modes the lasers are launched from the centre
of the telescope aperture, behind the secondary obscuration.
The code used to perform these simulations has been
MNRAS 000, 1–9 (2015)
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Table 1. Parameters used in the simulation of LGS up-link tip-
tilt retrieval
Parameter Value
Telescope primary diameter (m) 8
Central obscuration diameter (m) 1.1
Phase points in pupil 256 × 256
Total phase screen size (m) 128 × 128
Radius of off-axis LGS asterism (arc-seconds) 10
WFS sub-apertures 16×16
DM Actuators 17×17
Science field wavelength (µm) 1.65
Science integration time (s) 60
Loop frame rate (Hz) 400
written solely in the Python programming language and in-
corporates full physical optical propagation of LGS as they
pass up through the atmosphere to form a guide star. This
is necessary to accurately estimate the LGS up-link path as
the Fresnel number for a typical LGS beam is ≈ 1 , mean-
ing diffraction cannot be ignored (?). A geometric ray trac-
ing method is used to calculate the wavefront measured on
the WFS from turbulence encountered as light passes down
through the atmosphere. The PSF formed by the LGS up-
link is then convolved with each sub-aperture PSF to give
realistic simulation of LGS up-link turbulence. Focal aniso-
planatism (cone effect) is included when propagating light
down from an LGS. These simulations do not include either
read noise or photon shot noise. Simulation parameters are
shown in Table 5.1. The code, “Soapy”, is available publicly
and is free for use1.
The phase screens used in these simulation have been
made significantly larger than the size of the simulated tele-
scope aperture. This mitigates the periodic nature of some
phase screen generation algorithms and ensures that there
is sufficient power in low order modes at the spatial scale of
the telescope aperture (?).
5.2 Simulated covariance matrices
The creation of the tomographic LGS tip-tilt reconstruc-
tor depends upon the covariance matrices between the var-
ious WFSs, the form of which was derived in equation (16).
For the results presented in this paper we simulate the co-
variance matrices by recording many open loop AO system
frames on uncorrelated turbulence phase screens, until the
covariance matrices converge to the theoretical case. This
process must be repeated for every atmospheric and AO
configuration simulated.
An example simulated covariance matrix between two
LGS WFSs with up-link included, with a single turbulence
layer at an altitude of 14km, is shown in Figure 3. The co-
variance matrix has been deconstructed into its constituent
terms by simultaneous simulation of LGS with and with-
out the effects of LGS up-link tip-tilt observing in the same
direction. The final covariance matrix used to create the
tip-tilt LGS tomographic reconstructor is the sum of these
terms.
From Figure 3, it is possible to see that the terms match
1 https://github.com/andrewpaulreeves/soapy
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Figure 3. A simulated LGS up-link covariance matrix between
two LGS WFSs observing in different directions deconstructed
into its constituent terms. The top-left image shows the covari-
ance of down-link turbulence. The bottom two images show the
covariance of up-link turbulence with down-link turbulence re-
sulting in characteristic “stripes”. The top-right image shows co-
variance between up-link turbulence, which is constant for each
x-y combination.
our qualitative predictions. The first term, 〈sαtsβt〉, (top-
left) is identical to that caused by down-link turbulence
and hence looks similar to those used for conventional LA
LTAO, though with down-link tip-tilt included. The final
term, 〈sαlsβl〉, (top-right) is the result of covariance between
the path of the two lasers and is hence constant for each x-y
pair. The middle terms, 〈sαtsβl〉 and 〈sαlsβt〉, (bottom left
and right) are dominated by the strong covariance between
up-link tip-tilt on one WFS and a small number of sub-
apertures on the other WFS which observe its up-link path.
Hence they are seen as horizontal and vertical “stripes” of
high slope covariance.
5.3 Performance versus turbulence altitude
In § 3 and § 4 it was predicted that the method of including
LGS up-link tip-tilt would be more effective for turbulence
at higher altitudes. To further investigate this hypothesis,
AO correction performance versus the altitude of a single
turbulence layer is simulated, with results shown in Figure
4.
In line with our predictions, the results show low perfor-
mance of LGS up-link tip-tilt determination when low layer
turbulence is present. More promisingly, they also show that
the methods works well to correct high layer turbulence,
where the correction may even approach that of LTAO us-
ing an on-axis NGS for tip-tilt correction. Discontinuities in
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Figure 4. The Strehl ratio of tomographic LGS AO with a NGS
tip-tilt sensor (dashed), the tip-tilt retrieval method (solid) and
no tip-tilt correction (dotted) versus the altitude of a single turbu-
lence layer. The LGS up-link tip-tilt determination performance
increases sharply as the layer altitude increases.
the curve are due to the up-link beam overlapping different
numbers of sub-apertures at different altitudes.
5.4 Performance with multi-layer turbulence
profile
To give an impression of how the algorithm may perform
with no NGS under more realistic atmospheric turbulence
conditions, we perform simulations with the profile shown
in Figure 5. This contains a strong ground layer, which is
unlikely to be well corrected by the up-link tip-tilt deter-
mination, as well as significant higher layers, for which the
benefit of including the tip-tilt correction may become ap-
parent.
Figure 6 shows the performance of LTAO with an on-
axis NGS tip-tilt, LTAO with tip-tilt retrieval and LTAO
with no tip-tilt correction versus increasing seeing strength.
With a strong ground layer present the method is clearly not
as effective as when there is only high layer turbulence. It
does still provide a small improvement over correction with
no tip-tilt correction.
To further investigate how this small improvement could
aid spectrographic instruments, the Ensquared Energy into
a potential spectrograph spaxel is plotted against the size of
the spaxel in Figure 7. For these results the Fried parameter,
r0, is 14 cm. As previously discussed, ? have explored how
LGS AO with no tip-tilt correction may be useful for some
science cases due to the increased throughput. Our method
can provide higher throughput, still without the use of any
NGSs. For instance, a spectrograph with spaxel size of 100
mas will receive around 5% more light per spaxel for our
simulate conditions.
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Figure 5. The atmospheric turbulence profile used in the simu-
lations. It contains high layers of significant strength, which will
require a tomographic system to correct. The profile also includes
a strong ground layer, which we do not expect to be well corrected
by the LGS tip-tilt determination.
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Figure 6. Performance of LTAO with an on-axis tip-tilt NGS
(dashed), with no NGS and the tip-tilt retrieval (solid) and with
no tip-tilt correction (dotted). The tip-tilt retrieval method per-
forms slightly better than with no tip-tilt correction, but the
presence of ground layer turbulence has degraded performance
significantly.
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Figure 7. Ensquared energy versus aperture size of LTAO with
an on-axis tip-tilt NGS(dashed), with no NGS and the tip-tilt
retrieval (solid) and with no tip-tilt correction(dotted). Though
never approaching that of LTAO with an on-axis NGS, the tip-
tilt retrieval improves throughput over the case when no tip-tilt
correction is performed.
6 DISCUSSION
6.1 Improvement of LGS only AO
The method presented in this paper has been shown to cor-
rect well for high layer turbulence above a tomographic LGS
AO system. As was predicted in the derivation of the algo-
rithm, it does not correct well for low layer turbulence. At
most major observing sites the ground layer of turbulence
is a significant contributor to overall seeing strength (???),
especially when combined with other effects such as seeing
caused by the telescope structure itself (??). It is also possi-
ble that a turbulence profile containing more than five layers
may further reduce performance further. A profile with only
five layers was chosen due to the computational load of per-
forming physical light propagation between each layer. It is
intended to optimise the code to allow simulations with a
higher number of turbulence layers to be performed for fu-
ture works. With this in mind, the up-link tip-tilt method
alone is unlikely to provide AO correction approaching that
of LTAO with NGS tip-tilt guide stars.
However, for some science cases which require low-order
correction in a section of the sky sparsely populated by suit-
able tip-tilt NGS, accounting for up-link turbulence may still
be of some use. We have shown that it may provide a modest
improvement in system throughput. It can be implemented
without great hardware modification, and only requires a
change in tomographic reconstructor in the real-time con-
troller.
6.2 Combination with ground layer NGS tip-tilt
correction
The greatest potential impact of this method of accounting
for LGS up-link turbulence is in combination with a num-
ber of far off-axis tip-tilt NGS. With the LGS tip-tilt re-
trieval, high layer turbulence can be corrected for, and the
LGS can still correct for high order ground layer turbulence.
This leaves only turbulence near the ground for which the
AO system requires tip-tilt information. The ground layer
is common to all directions, so can consequently been cor-
rected by a number of very far off-axis NGS. This can greatly
increase the sky-coverage of LTAO systems.
On the other hand, performance could be improved for
existing LTAO configurations when using the current fur-
thest off-axis tip-tilt NGS. In this case much of the wavefront
error is from high altitude tip-tilt modes which are not well
sampled by the far off-axis tip-tilt NGS. If the LGS tip-tilt
up-link determination is implemented, performance may be
significantly increased.
In future work we will continue to further investigate
the implementation of an AO configuration where ground
layer tip-tilt is corrected using far off-axis NGS tip-tilt ref-
erences. We will also examine the potential performance and
sky coverage gains of existing LTAO with far off-axis tip-tilt.
7 CONCLUSIONS
We have demonstrated theoretically and in simulation the
viability of a tomographic LGS reconstructor which deter-
mines tip-tilt information by accounting for the up-link path
through atmospheric turbulence of each LGS. This is proven
possible geometrically and implemented using a LA based
technique to utilise information based on correlations of ad-
jacent sub-apertures.
The algorithm shows good performance when correct-
ing for high layer turbulence, close to that of LTAO with
an on-axis tip-tilt NGS. The performance when low altitude
turbulence is present is much degraded, though still an im-
provement over having no tip-tilt correction.
Though the method may be of some use as an LGS
only AO reconstructor for low spatial order science cases,
we mainly envisage it augmenting LTAO and MOAO by al-
lowing further off-axis tip-tilt NGSs and hence improving
AO corrected sky coverage. It also allows for greater LTAO
performance with existing tip-tilt NGS seperations. In fu-
ture works we will expand on these themes and quantify the
available improvements.
One major conclusion from this work is that LGS up-
link turbulence does not have to be simply ignored and
discarded as is currently the case. It is not irretrievably
entangled with the down-link turbulence, and as such can
provide useful information about the atmosphere above the
telescope.
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APPENDIX A: FORMULATING THE
RELATIONSHIP BETWEEN A SUB-APERTURE
MEASUREMENT AND UP-LINK LGS JITTER.
To find the relationship between a sub-aperture measure-
ment on WFS β, sβt and the measured up-link on LGS α,
sαl we consider Figure A1, which shows the effect of a small
tilt on LGS α up-link.
sαl = θα − θx, (A1)
where θα is the launch angle of LGS α and θx is dependent
on the tip-tilt LGS α passes through at height h.
θx =
Hθl − x
H
(A2)
and
x = θd(H − h), (A3)
so
sαl = θl − Hθl − θd(H − h)
H
= θd
H − h
H
. (A4)
APPENDIX B: CALCULATING RESOLVED
TOMOGRAPHIC BIN HEIGHTS
Only a finite number of LGS up-link offsets at a turbulent
layer can be predicted by the above method. This is a re-
sult of finite resolution of the WFS being used. For a centre
launched tomographic LGS, only half the number of WFS
sub-apertures view the path of another LGS, hence only half
can be used to predict up-link LGS motion.
Turbulence which affects the path of an LGS can only
be measured in vertical ‘bins’ where the measurement is the
sum of the turbulence in the sub-aperture FOV within the
vertical bin. The heights of these ‘bins’ can be calculated
by considering the geometry of the system, again illustrated
in Figure 2. θα, θβ are the launch angles for LGS α and β
respectively, H is the height of the LGS constellation, Ds is
the displacement for the centre of sub-aperture n and the
LGS launch position with is assumed to be the centre of the
telescope pupil, D is the diameter of the telescope pupil.
For small angles
h =
Ds
θs + θα
. (B1)
θs can be obtained by considering the displacement on the
ground between LGS position and the centre of the sub-
aperture, Ds +Hθβ .
θs =
Ds +Hθβ
H
. (B2)
Ds is dependent on the sub-aperture of interest, n, where
the position of the centre of a sub-aperture is (n + 0.5)d,
and d is the diameter of sub-aperture.
Ds =
D
2
− (n + 0.5)d (B3)
Finally, an expression for the height of the centre of the
resolved height bin is, h, can be obtained.
h =
Ds
Ds+Hθβ
H
+ θα
(B4)
h =
HDs
Ds +H(θα + θβ)
(B5)
hn =
H(D
2
− (n+ 0.5)d)
D
2
− (n+ 0.5)d+H(θα + θβ)
(B6)
This paper has been typeset from a TEX/LATEX file prepared by
the author.
MNRAS 000, 1–9 (2015)
